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Key points and learnings

Novel system for
experimental
evaluation of NMPC.
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A non-linear model
with input time delay.
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Unstable system
stabilized with NMPC.
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Topic for today

Na2S2O3 + 2 H2O2 −−→
1

2
Na2SO4 +

1

2
Na2S3O6 + 2 H2O (1)
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Topic for today
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Fig. 1. Heat generation and removal functions for feed mixture of 

0.8M No25203 and 1 .ZM H& a t  0°C. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
diffusion of heat and mass from the reactor into the mixing 
head was minimized. As evidence of negligible back diffusion 
and of negligible chemical reaction in the mixing head, the 
temperature measured by means of a thermocouple located 
+$ in. upstream of the exit of the main bore never exceeded 
0.25"C. in any of the experiments. 

In experiments with unmixed feed streams, the thiosulfate 
and peroxide solutions were injected through separate ports, as 
shown in Figure 2, which were situated diametrically in the 
bottom of the reactor straddling the center point. The velocit- 
ies through each of these ports varied from 9 to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA35 ft./sec. in 
the experiments conducted. 

The reactor and a section of the feed lines were enclosed 
in a Plexiglas cylinder which was evacuated during a run to 
about 20 mm. Hg to provide insulation. All feed lines not 
enclosed by the Plexiglas were insulated. 

A quantity of some interest is the effective heat capacity 
of the system which we estimated to amount to about 1.13 
times the heat capacity of 510 cc. of the reacting fluid. This 
estimate takes into account only the shell of the reaction vessel 
and the immersed materials; it does not include the mixing 
head, the flange at the top of the reactor, or other incidental 
attached equipment. 

Sodium thiosulfate and hydrogen peroxide feed solutions of 
1.60 and 2.40 molar, respectively, were prepared in deionized 
water, stored in separate 100 gal. polyethylene drums, and 
cooled to about -3°C. by a circulating brine coolant prior 
to each run. This storage capacity permitted run durations of 
up to 4 hr. Solution concentrations were always within k0.015 
moles/liter of the specified values which were determined by 
usual volumetric methods by using potassium iodate as the 
primary standard for the thiosulfate and potassium permangan- 
ate as the titrant for the peroxide. During a run, these solutions 
were fed in equal volumetric rates so as to produce a mixed 
feed concentration equal to that involved in Figure 1. (The 
experiments of Root and Schmitz showed that the volume 
change upon mixing the solutions at these conditions is 
negligible.) To achieve an inlet temperature of OOC., each 
feed stream was passed through 24 ft. of %-in. diameter 
coiled aluminum tubing immersed in an ice bath. 

Each solution was pumped from its storage vessel during a 
run by means of centrifugal pumps through a rotameter and 
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a flow control system. The rotameters were calibrated direct- 
ly with the solutions at feed conditions; the maximum error 
in flow rate measurements was estimated at  kl.O% of re- 
ported values. This led to a maximum error in the determina- 
tion of the mean residence time of about 20.2 sec. The flow 
control system consisted of a Foxboro pneumatic differential 
pressure cell transmitter, a Foxboro pneumatic proportional 
plus reset controller, and a linear pneumatic control valve. 
Switch selection of either manual or automatic adjustment 
of the air pressure signal from the controller to the valve 
was provided on both controllers. 

Materials with which reacting fluids came into contact 
between the storage vessels and the reactor exit included 
polyethlene, Teflon, glass, aluminum, and stainless steel 
(types 304 and 316). These materials were also involved in 
the experimental apparatus employed by Root and Schmitz. 

rocedure was to run deionized water 
at about 6°C. through $e reactor system up to starting time 
in order to check out all recording instruments and the flow 
controls before switching to the thiosulfate and peroxide feeds. 

The experimental procedure for obtaining stable steady 
states involved simply adjusting the set points on the feed flow 
controllers to correspond to the desired reactor residence time 
and allowing time €or the temperature recordings to become 
steady. The time required to reach steady operation following 
a change in flow rates was generally of the order of 4 min. 
Considerably longer times, up to 15 or 20 min., were requirecl 
in those instances when the change caused a transition from a 
low state to a high one. 

As was stressed earlier in the discussion of the theory, un- 
steady behavior of particular interest in this study concerns 
the response of the CSTR to disturbances in the total feed rate 
with the state of the feed maintained constant. Such disturb- 
ances were effected with initial operation at a low state by 
switching off the feed pumps for both reactant streams simul- 
taneously and leaving them off until the temperature in the re- 
actor increased to a desired perturbed value. Before the flows 
were stopped, the flow controllers were switched to the man- 
ual mode so that the control valve positions were undisturbed. 
They were switched back to the automatic mode once the 
pumps were restarted and flow rates were near their set- 
point values. Generally less than 5 sec. were required for the 
flows to reach their desired values afted the pumps were re- 
started. 

Perturbations from high temperature states were introduced 
by manually changing both feed flow rates in a step by step 
manner simultaneously to 2,700 ml./min. The flow rates were 
held steady at the disturbed rate until the reactor temperature 
decreased to a desired perturbed value, at which time they 
were reset again manually and simultaneously in a stepwise 
manner to their original values, It was found to be easier 
and faster to make these flow adjustments manually than to 
disturb the flows by stepwise changes in the controller set- 
points. Furthermore, the reactor response was more consistent 
and reproducible. Generally about 10 sec. were required to 

The usual start-up 
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Fig. 2. Experimental CSTR and feed injection ossemblies. 
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achieve steady flows when the rates were decreased from 2,700 
ml./min. to their original values. 

Thermocouple responses in the transient studies were re- 
corded on a Sargent recorder capable of responding at a rate 
of loooc./sec. 

RESULTS 

Well-Mixed Reactor Data 

We present first the data taken from experiments in 
which deliberate steps were employed to insure a high 
degree of mixing. The peroxide and thiosulfate feed 
streams were premixed for these experiments in the mix- 
ing head described in the preceding section, and the 
impeller speeds ranged from 600 to 900 rev./min. The 
speed was chosen in any particular experiment to give 
the asymptotic reactor performance as made evident by 
the fact that an increase in the impeller speed had no 
effect on temperature recordings. Under these conditions 
the maximum spread in temperatures recorded from the 
three thermocouples was zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.5"C., except when tz was 
positioned directly in the path of the incoming feed. Be- 
cause of noninstantaneous mixing, the temperature at this 
location fluctuated randomly, the amplitudes reaching 
10°C. at high states even at the highest impeller speed. 

The agreement attained between experimental and 
theoretical steady state temperatures for the CSTR system 
under these conditions is illustrated in Figure 3. For the 
stable steady states, the agreement is very good, the 
average absolute deviation for all high and low states 
being 0.9"C. As is evident in Figure 3, the results indeed 
verify the existence of multiple steady states in the CSTR. 

The start-up procedure described earlier invariably led 
to initial operation at a low state if the residence time was 
below 17.8 sec. Stable steady state data at low states 
were usually obtained at successively larger residence 
times, until a transition to a high state, or ignition of the 
reaction, occurred. Subsequent decrease of the residence 
time yielded high states, and, eventually, a transition 
back to the low state, an extinction of the reaction, was 
observed. Thus, a hysteresis loop was traversed experi- 
mentally. 

Careful study of the transition points showed that the 
jump from low to high states occurred when a step change 
in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT was made from 17.8 to 18.0 sec. and from high to 
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Fig. 3. Steady state results. 
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Fig. 4. Transient responses to perturbations from stable temperatures 

low states in response to a change from 7.0 to 6.6 sec. 
For comparison, the corresponding theoretical values of 
at the transitions are 17.8 and 6.8 sec. The experimental 
transition following the change from 17.8 to 18.0 see. was 
very slow, requiring nearly forty-five residence times. 

The temperatures indicated by the arrowheads in Fig- 
ure 3 represent apparent intermediate states as observed 
by the perturbation approach described earlier. The ar- 
rows pointing upward on the graph indicate the apparent 
intermediate states as determined by perturbations from 
steady low states, while those pointing downward re- 
sulted from perturbations from high states. A sequence of 
recorded temperature perturbations and transient re- 
sponses and a schematic of the flow disturbances leading 
to the arrows for a residence time of 16.1 sec. are shown 
in Figure 4. As the figure shows, transients were very 
slow near the intermediate state, the temperature holding 
nearly constant over a period of a couple of residence 
times. 

As the data in Figure 3 indicate, the intermediate states 
arrived at through carefully executed disturbances from 
operation at low states and at high states were virtually 
identical and in excellent agreement with the predicted 
intermediate states for residence times greater than 10 
see. Furthermore, after some skill was acquired in the 
experimental technique, these results were very repro- 
ducible. 

The apparent intermediate states for residence times 
of 10 sec. and less are not in such close agreement with 
the theoretical curve and show significant deviations be- 
tween the two arrows for a given value of r .  This might 
at first be attributed to a breakdown in the model, say in 
the assumption concerning the reaction kinetics, but this 
seems unlikely since data at all other conditions agree so 
well with the predicted reactor performance. I t  seems 
more reasonable to explain these deviations as being the 
result of experimental difficulty in manipulating both feed 
flows identically, as is required to maintain cpj at a zero 
value, through the duration of the disturbances with the 
higher flow rates involved in these cases. The time periods 
involved in resetting the individual feed rates (5 to 10 
sec.) were about equivalent to a reactor residence time. 
so that any small difference in the instantaneous rates of 
the two streams would be more significant than at larger 
residence times. Furthermore, the increased sensitivity of 
the system at the higher intermediate temperatures made 
it difficult to zero in on the transition point and probably 
also caused small perturbations in cpj to be more signifi- 
cant. Reproducibility of the data at residence times of 8 
and 10 sec. was relatively poor. 

The experimental results in Figure 3 also show clearly 
the need for a special start-up procedure if operation at 
a high state is desired and if the design residence time is 
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S. A. Vejtasa and R. A. Schmitz, AlChE Journal, 1970

◮ Relatively easy to perform experiments

◮ The goal: To control the temperature to any set-point.
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How to achieve the goal?

min
x, u

1

2

N−1
∑

i=0

xT
i Qc xi + uT

i Qu ui dt +
1

2
xT

N Qf xN

s.t. x0 = x̂0

xi+1 = f(xi, ui), i = 0, ..., N − 1

umin ≤ ui ≤ umax, i = 0, ..., N − 1

∆umin ≤ ui+1 − ui ≤ ∆umax, i = 0, ..., N − 2
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Model
Consider the reaction as

A + 2 B −−→
1

2
C +

1

2
D + 2 E (3)

with 2nd order reaction rate

−rA = cA cB exp

(

A −
B

T

)

(4)

Then mass/energy balances for CSTR conditions are

dT

dt
=

q

V
(Tin − T ) +

(−∆Hr)

ρ cp
cA cB exp

(

A −
B

T

)

(5a)

dcA

dt
=

q

V
(cA, in − cA) − cA cB exp

(

A −
B

T

)

(5b)

dcB

dt
=

q

V
(cB, in − cB) − 2 cA cB exp

(

A −
B

T

)

. (5c)
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Model

Further assume constant Tin, cA, in and cB, in yielding:

dT

dt
=

q

V
(Tin − T ) + θ R(T ) (6a)

with reaction rate and parameters

R(T ) = 2 cB, in

(

1 −

T − Tin

θ

) (

φ −

T − Tin

2 θ

)

exp

(

A −

B

T

)

(6b)

φ =
cA, in

cB, in

(6c)

θ =
(−∆Hr) cB, in

2 ρ cp

(6d)

This model presents multiple advantages:

◮ The assumptions are plausible

◮ Just one temperature measurement is required

◮ The model is unidimensional
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Model assumptions

The model rests on certain equipment specific assumptions:

◮ State is measurable instantaneously

◮ Reactor is adiabatic

◮ Good correlation between pump set-point and throughput
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Figure: Thermocouple
time constant
approximately 1 s.
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approximately
adiabatic.
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similar for both feeds.

9 / 20



Identification

◮ Step response experiment

◮ Reasonable parameter
estimates are available

◮ Accuracy of models for
similar systems has been
shown to be good

◮ Fit via least squares

Identification experiment is
constructed based on a binary
input signal subject to a desired
output excitation profile.

Table: Nominal model parameters.

Parameter Nominal value

V 105 mL
cA, in

1.6
2 mol L−1

cB, in
2.4
2 mol L−1

Tin 0.5◦C
ρ 1 kg L−1

cp 4186 J (kg K)−1

A 24.6 L (s mol)−1

B 8500 K
∆HR −560 kJ mol−1
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Identification experiment
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The fit appears to be very good, especially when a time-delay is
incorporated into the model.
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Integration of ODE with constant input time delay
Parameters:

◮ ∆t = 0.5 s

◮ Td = 1.2 s

n = 2,
Td

∆t
= 2.4 is non-integer.

1. Integrate over the interval 0.2 s using q = u(tk−3)

2. Integrate over the interval 0.3 s using q = u(tk−2)

t

tk−3

−1.5 s

tk−2

−1.0 s

tk−1

−0.5 s

tk

0 s

tk+1

0.5 s

Integration interval

Td = 1.2 s ∆t = 0.5 s
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Model for State Estimation (EKF)
Model and disturbance model

dT

dt
=

q

V
(Tin − T ) + θ R(T ) + xd (7a)

dxd

dt
= 0 (7b)

Reaction rate and parameters

R(T ) = 2 cB, in

(

1 −

T − Tin

θ

) (

φ −

T − Tin

2 θ

)

exp

(

A −

B

T

)

(7c)

φ =
cA, in

cB, in

(7d)

θ =
(−∆Hr) cB, in

2 ρ cp

(7e)

The way we in reality obtain the disturbance state from the measurement of the
temperature, y:

xd = y − T

Time delay in the input

q(t) = u(t − Td)

Ts = 0.5 s, Td = 1.2 s
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NMPC simulator

It’s important to connect to the process

Siemens
S7-1200 PLC

u

y

Computer
executing
regulator

Yet, even more important to connect to a simulator beforehand

Siemens
S7-1200 PLC

interface
Simulator

Computer
executing
regulator

Switching between process and simulator is a matter of changing
an IP address.
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Almost ready for NMPC!

Prerequisites are coming together

◮ Model is established, assumptions are acceptable

◮ Model augmented with a time-delay to improve fit

◮ Satisfactory fit between model and data obtained

NMPC problem

◮ Problem solved via. direct multiple shooting

◮ Objective function comprises quadratic term and rate of
movement input regularization

◮ Minimized s.t. constraints: ODE model, input and rate of
input change

Algorithm
The problem is solved with CasADi
in Python.
See direct multiple shooting.py

on their Github for sample code.
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Experimental setup
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Experimental Procedure

Experiments are performed according to a detailed procedure promoting repeatability
and data integrity.

17 / 20



NMPC Results 1-4
Trial 1 to 4
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NMPC Results 5
Trial 5 – Td = 1.2, α = 0.1, |∆u| ≤ 30
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Key points and learnings

Novel system for
experimental
evaluation of NMPC.
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